On the derivative of the associated Legendre function of the first kind of integer order with respect to its degree (with applications to the construction of the associated Legendre function of the second kind of integer degree and order) (2007) 14887], we have investigated the derivative of the Legendre function of the first kind, Pν (z), with respect to its degree ν. In the present work, we extend these studies and construct several representations of the derivative of the associated Legendre function of the first kind, P
Introduction
In our recent paper [1] , we have proved that the derivative of the Legendre function of the first kind, P ν (z), with respect to its degree ν may be given in the form
where the integration contour C (+) is shown in Fig. 1 . Using the representation (1.1), we have re-derived the Rodrigues-type formula ∂P ν (z) ∂ν ν=n = −P n (z) ln z + 1 2 + 1 2 n−1 n! d n dz n (z 2 − 1) n ln z + 1 2 (n ∈ N), (
which was first obtained long ago by Jolliffe [2] with no resort to the complex integration technique. Then we have shown that [∂P ν (z)/∂ν] ν=n may be written as where P n (z) is a Legendre polynomial and R n (z) is a polynomial in z of degree n. Using various techniques, we have found several explicit representations of R n (z). In addition to the representation R n (z) = 2[ψ(2n + 1) − ψ(n + 1)]P n (z) + 2 n−1 k=0 (−) k+n 2k + 1 (n − k)(k + n + 1) P k (z), (1.4) which is a slight modification of the one found by Bromwich [3] , and the representation R n (z) = −2ψ(n + 1)P n (z) + 2 denotes the digamma function [5] [6] [7] . Still more recently, in the addendum [8] , we have exploited the Jolliffe's formula (1.2) to present a derivation of Eq. (1.6) being much simpler than the original one in [1] . In addition, Eq. (1.2) has been used to obtain two further new representations of R n (z), namely 1 R n (z) = 2ψ(n + 1)P n (z) − 2 z + 1 2 In the course of solving boundary value problems of theoretical acoustics, electromagnetism, heat conduction and some other branches of theoretical physics and applied mathematics (cf, e.g., [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] ), one occasionally encounters the derivative of the associated Legendre function of the first kind [6, 7, of integer order with respect to its degree, ∂P ±m ν (z)/∂ν with m ∈ N. We have found that except for the case of m = 0 studied in [1, 8] , thus far this derivative has not been a subject of a systematic, exhaustive investigation and that the relevant knowledge is very incomplete (cf section 2). It is the purpose of the present paper to fill in this gap and to give an extension of our previously-obtained results for ∂P ν (z)/∂ν to the case of ∂P ±m ν (z)/∂ν. In particular, we shall extensively investigate the functions [∂P ±m ν (z)/∂ν] ν=n with n ∈ N. Besides being interesting for their own sake and potentially useful for applications to the problems mentioned above, the results will also allow us to contribute to the theory of the associated Legendre function of the second kind of integer degree and order, Q ±m n (z). In a simple manner, we shall obtain several representations, both explicit and of the Rodrigues type, of the latter function for various ranges of n and m; we believe that some of these representations are new. The explicit expressions we provide for both [∂P ±m ν (z)/∂ν] ν=n and Q ±m n (z) are suitable for use for numerical purposes in various regions of the complex z-plane.
The structure of the paper is as follows. Section 2 provides a summary of fragmentary research on ∂P µ ν (z)/∂ν done thus far by other authors. In section 3, we make an overview of these properties of the associated Legendre function of the first kind of integer order, P ±m ν (z), which will find applications in later parts of the work. In section 4, we find several contour-integral representations of ∂P ±m ν (z)/∂ν. In section 5, we investigate [∂P ±m ν (z)/∂ν] ν=n with n ∈ N, the cases 0 m n and m > n being considered separately. In each of these two cases, at first we use contour integrals for [∂P Throughout the paper, we shall be adopting the standard convention, according to which z ∈ C \ [−1, 1], with the phases restricted by
(this corresponds to drawing a cut in the z-plane along the real axis from z = +1 to z = −∞), hence,
Also, it will be implicit that x ∈ [−1, 1], ν ∈ C, µ ∈ C, n ∈ N, m ∈ N. Finally, it will be understood that if the upper limit of a sum is less by unity than the lower one, then the sum vanishes identically. The definitions of the associated Legendre functions of the first and second kinds used in the paper are those of Hobson [40] .
The present paper may be considered as a complement to [59] , where the derivative ∂P µ n (z)/∂µ has been investigated exhaustively. An overview of the research done on ∂P 0 ν (z)/∂ν (≡ ∂P ν (z)/∂ν) was presented in [1] ; to the references cited therein, one should add the works [16, 21, 26, [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] . As regards the derivative ∂P µ ν (z)/∂ν with µ = 0, our literature search showed very few results. Robin [71] (cf also [46, pp. 170-4] ), differentiating term by term the following series representation of P µ ν (z) [6, 7] :
If in Eq. (2.2) one makes use of the well-known [5] [6] [7] identities
and exploits Eq. (2.1), this yields [6, page 178]
Manipulating with the series on the right-hand side of the above formula, Robin [46, 71] showed that for ν = n the formula goes over into
6) with 3 F 2 being a generalized hypergeometric function 4 . In the particular case of n = 0, the finite sum on the right-hand side of Eq. (2.6) vanishes, while the 3 F 2 function appearing therein reduces 2 Actually, Robin [46, 71] used a definition of the digamma function different from that in our Eq. (1.7); his definition was
Hence, our Eqs. (2.2) and (2.6) seemingly differ from their counterparts in [46, 71] .
3 Equation (2) in [71] , which is the counterpart of our Eq. (2.6), was misprinted: in front of the term containing the 3 F 2 function, the factor [(µ + 1)/(µ − 1)] m/2 (the original notation of Robin is used here) is missing. In [46, Eq. (329) on pp. 171-2] the same formula was already printed correctly.
4 If in Eq. (2.6) one sets µ = 0, combines the result with the Schelkunoff's formula for [∂Pν (z)/∂ν]ν=n following from Eqs. (1.3) and (1.5), then solves the emerging equation for 3 F 2 (1, 1, 2n + 2; n + 2, n + 2; (1 − z)/2) and replaces therein z by 1 − 2z, one obtains
This relationship should replace Eq. (7.4.1.35) in [57, pp. 421-2] , which is incorrect in view of the fact that in [57, p. 685] the digamma function has been defined as in our Eq. (1.7) and not as in [4, 46, 71] .
and proved the identity
in addition, he showed that
(2.11)
5 It seems worthwhile to add at this place that Eq. (2.7) may be used to express the closed-form momentum-space representation of the nonrelativistic Coulomb Green function, found by Hostler in [72] , in terms of the derivative [∂P µ ν (z)/∂ν] ν=0 with suitably chosen µ and z. 6 We have transformed Carlson's original formulas so that Eqs. (2.9) and (2.11) are concurrent with the notation used in the rest of the present paper.
3 Definition and some relevant properties of the associated Legendre function of the first kind of integer order
In this section, we shall present these properties of the associated Legendre function of the first kind of integer order which will find applications in later parts of this paper.
Function of arbitrary degree
The associated Legendre function of the first kind of complex degree ν and integer order ±m may be defined as the following generalization of the Schläfli contour integral [40, p. 191] :
The integration path C (+) , shown in Fig. 1 , is a closed circuit enclosing the points t = +1 and t = z in the counter-clockwise sense. If ν is not an integer, the integrand has four branch points located at t = ±1, t = z and |t| = ∞. To make the integrand single-valued, we make two cuts in the t-plane. The first one is
which is the semi-line drawn along the negative real semi-axis from t = −1 to t = −∞. The second one is the curve
joining the points t = +1 and t = z. It is seen to be that out of two circular arcs of radius (3.5) and connecting the points t = +1 and t = z, which does not go through the point t = −1. The contour C (+) is not to cross any of the two cuts (3.2) and (3.3). The phases in the integrand in Eq. (3.1) are stipulated as follows: at the point on the right to t = +1 (and on the right to z if the latter be real), where the path C (+) crosses the real axis, we set arg(t ± 1) = 0 and | arg(t − z)| < π. In the plane with the cross-cut along the real axis from z = +1 to z = −∞ (cf the remark below Eq. (1.10)), the function P ±m ν (z) is single-valued. It is seen from Eq. (3.1) that
where
is the Legendre function of the first kind. It may be shown [40] that P ±m ν (z) possesses the property
Replacing in Eq. (3.1) ν with −ν − 1, exploiting the fact that
and making use of Eq. (3.7), yields
±m/2
If in Eq. (3.9) we change the integration variable from t to
this results in
The contour C ′ (+) surrounds the points u = +1 and u = z in the counter-clockwise sense and does not cross either of the two straight-line cuts
and
Likewise, if in Eq. (3.9) the variable t is replaced by
one finds 15) where the path C ′′ (+) encloses the points u = +1 and u = z in the counter-clockwise sense and also does not cross the cuts (3.12) and (3.13). It is evident that the contour C ′′ (+) may be deformed into the contour C ′ (+) without changing the value of the integral in Eq. (3.15), i.e., it holds that
As a corollary, from Eqs. (3.11) and (3.16) one obtains the relation
If this is combined with Eq. (3.9), this results in
∓m/2
(It is worthwhile to add that Eq. (3.18) may be also obtained from equation (3.9) by subjecting the integral in the latter to the variable transformation (4.2) and deforming suitably the resulting integration contour. Then Eq. (3.17) appears to be a corollary from Eqs. (3.9) and (3.18).) On the cut −1 x +1, after Hobson [40] , it is customary to define
Function of integer degree
If ν = n, the cut (3.3) in the definition of the contour integral (3.1) is unnecessary and may be removed. Then, by the theory of residues, from Eq. (3.1) one has the Rodrigues-type formula 
which is the direct consequence of Eq. (3.17), this yields
Another property of P ±m n (z), which shall prove to be useful in later considerations, is
This may be obtained from Eq. (3.20) , with the aid of the relations (1.11).
Other Rodrigues-type representations of P ±m n (z) may be obtained by applying the theory of residues to the contour integrals (3.11) and (3.16), after setting therein ν = n and removing, now redundant, the cut (3.13). For 0 m n, this renders two formulas
obtained originally by Schendel [75] in a different way. If m > n, proceeding in the analogous way, from Eq. (3.11) one finds
For the sake of later applications, we shall derive here still another Rodrigues-type representation of P −m n (z) valid for m > n. To this end, at first we observe that if the lower signs are chosen in Eq. (3.18) and if one sets ν = n, the integrand in the resulting equation becomes single-valued in the domain enclosed by the contour C (+) and is seen to possess two poles in this region: one of order n + 1, located at t = +1, and the other, of order m − n, located at t = z. Thus, we may remove the cut (3.3) and, by the Cauchy theorem, write
Here, the path C
+1 surrounds the point t = +1 in the positive direction and leaves the points t = −1 and t = z outside, while the contour C (+) z encloses the point t = z, is run in the positive sense, with the points t = ±1 located exterior to it; none of the two paths crosses the cut (3.2). Instead of applying the theory of residues already at this stage, we subject the first integral in Eq. (3.28) to the variable transformation (3.10). This gives
where the contour C
encircles the point u = z counter-clockwise, does not enclose the points u = ±1 and also does not cross the cut (3.12) . Applying now the theory of residues to Eq. (3.29), we obtain
which is the desired result. Comparison with Eq. (3.27) shows that the first term on the right-hand side of Eq. (3.30) equals (−) n P −m n (−z) (with m > n), and consequently 
We shall make extensive use of the above formulas in sections 5. 
.
Consider now the following linear fractional transformation:
It maps the complex t-plane onto the complex s-plane. In particular, the points t = −1, +1, z and ∞ are mapped onto the points s = +1, −1, ∞ and z, respectively, the cut (3.2) is mapped onto the cut
and the cut (3.3) onto the cut
In addition, the path C (+) is mapped onto the contour C ′′′ (−) , which encloses the points s = 1 and s = z in the clock -wise sense and does not cross any of the two cuts (4.3) and (4.4) .
To obtain the second representation of ∂P ±m ν (z)/∂ν, we rewrite Eq. (4.1) in the form
Let us look closer at the second integral on the right-hand side of Eq. (4.5), which is
Subjecting this integral to the transformation (4.2) results in
If in Eq. (4.7) we change the name of the integration variable from s to t, then switch from the contour C ′′′ (−) to the oppositely traversed contour C ′′′ (+) and deform the latter into the path C (+) (because of the structure of the integrand, this deformation does not change the value of the integral in question), after subsequent use of Eq. (3.1), we obtain
Upon replacing the second integral on the right-hand side of Eq. (4.5) by the equivalent expression given in Eq. (4.8), we arrive at the second contour-integral representation of ∂P ±m ν (z)/∂ν:
It is easy to see that for m = 0 Eq. (4.9) reduces to Eq. (1.1). Next, replace in Eq. (4.9) ν by −ν − 1. Since, by virtue of Eq. (3.7), one has
and since it holds that
the replacement leads to still another expression for ∂P ±m ν (z)/∂ν:
Subjecting both integrals in Eq. (4.12) to the variable transformation (3.10) results in 13) where the path C ′ (+) has been defined below Eq. (3.11). With the aid of Eqs. (3.11) and (3.16), the above may be transformed into 
(recall that the contour C (+) is the one defined in Fig. 1) . We see that the only singularities of the two integrands in the domain enclosed by C (+) are poles of orders n + m + 1 and n − m + 1, respectively, located at t = z. Thus, on applying the residue theorem, we find
Under the same assumptions, Eq. (4.14), with the upper signs chosen, becomes
(the contour C ′ (+) is the one defined below Eq. 
Some closed-form representations
The Rodrigues-type formulas ( 
The usefulness of these two formulas comes from the fact that, as it is shown in appendix A, it is relatively easy to obtain various representations of the parameter derivatives of the Jacobi polynomials entering Eqs. 
which does not seem to be trivially equivalent to that in Eq. (5.8). Next, the formula (−) 
Evaluation of [∂P
we obtain
and consequently
Rodrigues-type formulas
The following two Rodrigues-type formulas for [∂P m ν (z)/∂ν] ν=n with m > n:
and 
Since m > n, the integrand in the second integral in the above equation is regular in the domain enclosed by the contour C (+) and thus this integral vanishes. In turn, in the same domain the integrand in the first integral has a single pole of order n + m + 1 located at t = z, so that removing the cut (3.3) and applying the residue theorem to this integral, we find 
It is worthwhile to mention that from Eqs. (5.15) and (5.21) one may deduce the following Rodrigues-type formula for P −m n (z) with m > n: 22) supplementing the formulas given in Eqs. (3.27) and (3.30). 
Evaluation of [∂P

Rodrigues-type formula
Choosing in Eq. (4.14) the lower signs and setting then ν = n yields
Since the integrands in both integrals in Eq. (5.25) are single-valued in the domain enclosed by C ′ (+) , in both cases the cut (3.13) in the u-plane may be removed. When this is done, it becomes possible (and, as we shall see in a moment, also convenient) to split the second integral in Eq. around the point u = +1 in the positive sense, with the points u = z and u = −1 left outside; none of the two contours is allowed to cross the cut (3.12) . This results in
For a while, let us focus on the last term on the right-hand side of the above equation, i.e., on
Since in the domain enclosed by C
the only singularity of the expression under the integral sign is the pole of order 7 m − n − 1 located at u = +1, the integral might be taken by evaluating a residue of the integrand at this point. However, this method appears to be inconvenient for the present purposes. Instead, we change the integration variable to
where the path C (+) z runs around the point t = z in the positive sense, leaves the points t = ±1 outside and does not cross the cut (3.2). In both integrands, the only singularity within the domain surrounded by C (+) z is the pole of order m − n located at t = z, so that by the theory of residues we obtain 
(5.31)
We return to Eq. (5.26). Evaluating the first and the second contour integrals on its right-hand side by residues and substituting the right-hand side of Eq. 
Some closed-form representations
Once the Rodrigues-type representation (5.32) is known, we may proceed analogously as in section 5. 
In turn, use of Eqs. (A.34), (A.41) and (A.55) gives the expression 36) from which the counterpart representation 40) whenever necessary. The procedure is straightforward and therefore we do not list here the resulting formulas.
6 Some applications 6.1 Construction of the associated Legendre function of the second kind of integer degree and order
In this section, we shall apply the results of section 5 to obtain several representations of the associated Legendre function of the second kind of integer degree and order. The following formulas: 5) and the result is combined with Eq. (6.4), this leads to the following Rodrigues-type formula: 
which may be more conveniently rewritten as
From Eq. (6.9) and either of Eqs. (6.10) to (6.14) it is seen that the functions W ±m n−1 (z) possess the property
Some of the above representations of W m n−1 (z) were already obtained, in different ways, in earlier works. In particular, the representations in Eq. (6.11) were derived by Robin [46, pp. 81, 82 and 85] (in this connection, cf footnote 2 on p. 4), while these in Eq. (6.12) may be deduced from the findings of Snow [43, pp. 55 and 56] ; an alternative method of arriving at the expressions (6.11) to (6.14) has been also presented by the author in [59, section 4] .
We proceed to the case of m > n. In virtue of Eq. (3.23), from Eq. (6.1) now we have 
Using Eq. (6.5) and observing that in Eq. (6.18) the order of differentiation is greater than the degree of the polynomial multiplying the logarithm, the above formula may be cast into 
Other Rodrigues-type formulas follow if one couples Eq. (6.23) with Eqs. (3.27) and (3.30) . Concluding, we observe that on the cut −1 x 1 counterpart expressions for the associated Legendre function of the second kind of integer order may be obtained from the results of this section by combining them with the defining formula 
it follows that
With this, Eq. (5.23) may be rewritten as
In the limit ν → n (with m > n), Eq. (6.28) becomes
(6.29)
The limit which remains to be evaluated on the right-hand side of Eq. (6.29) may be taken with the aid of the l'Hospital rule. This gives
ν=n results in the sought relationship: 
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A Appendix: Some relevant properties of the Jacobi polynomials
The Jacobi polynomials [77] may be defined through the Rodrigues-type formula 
